This paper studies the stabilization problem for a class of unified chaotic systems subject to uncertainties and input nonlinearity. Based on the sliding mode control theory, we present a new method for the sliding mode controller design and the control law algorithm for such systems. In order to achieve the goal of stabilization unified chaotic systems, the presented controller can make the movement starting from any point in the state space reach the sliding mode in limited time and asymptotically reach the origin along the switching surface. Compared with the existing literature, the controller designed in this paper has many advantages, such as small chattering, good stability, and less conservative. The analysis of the motion equation and the simulation results all demonstrate that the method is effective.
Introduction
"Chaos" in contemporary English language refers to the meaning of "Unzucht and Unordnung"; its meaning is close to "determinacy for random phenomena" in nonlinear systemic theory. Thus, chaos is borrowed to call these anomalies. In the eyes of appearance, chaos movement looks like random process, but, in fact, there is a distinction between chaotic motion and stochastic process. Chaos has the following features [1] : initial value sensitivity, boundedness, randomness, ergodicity, universality, fractal dimension and positive maximum Lyapunov index, and so forth. It should be pointed out that the identification of chaos is still a topic that is not completely solved till now.
The existence of the chaotic motion can be observed in many cases because chaotic signal has the properties of the inherent continuous broadband power spectra and noise like and so forth. It provides a highly classified secret communication method; chaos control and synchronization and its application in secret communication have attracted many researchers' attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, due to the fact that the chaotic system is extremely sensitive to initial value and long time unpredictability, chaos control has become the key link of chaotic application. Since 1987, Alekseevv and Loskutov [14] published papers about the controlling chaos, and, in 1989, Hubler et al. [15, 16] proposed OGY method; international and domestic academics have proposed many different methods of chaos control, and the main research results of the chaos control basically have the following categories: feedback control method [17, 18] , adaptive control method [19, 20] , neural network control method [21] , sliding mode control method [6, 22, 23] , and so on.
In 2002, Lü et al. proposed a new chaotic system: the system connects the Lorenz attractor and Chen attractor; Lü system is a special case; hence, it is called the unified chaotic system [24] . Controlling the unified chaotic system had attracted many researchers' attention from the beginning for its special properties; for example, its form is very simple and it only has one parameter, its dynamics behavior can be analyzed using energy barriers principle, it connects the Lorenz attractor and Chen attractor, and it realizes continuous evolution of one system and another system in the whole parameters spectrum. Literature [25] studied the feedback control and synchronization problem of unified chaotic system; literature [26] studied the projective synchronization and control problems of unified chaotic system. In view of the system equation containing the unknown parameters, literature [27] studied the stabilization of equilibrium points using the sliding mode variable structure control; literature [28] designed a constraint controller to stabilize the system states to unstable equilibrium points of the unified chaotic system by using the Minimum Principle of Pontryagin, and the paper also presented a combination of Bang-Bang control and logic switching to overcome the limitation of Bang-Bang control; literature [29] proposed a passive equivalent control scheme to realize the stability control of different equilibrium for the unified chaotic system using the passive control theory. Literature [30] proposed a sliding mode controller to synchronize two different chaotic systems with unknown bounded uncertainties. Reference [31] proposed a discontinuous Lyapunov functional approach to achieving asymptotic robust synchronization of uncertain chaotic systems using sampled-data control with stochastically varying sampling intervals. However, there is not an overall and only effective control method in presented methods so far.
This paper studies the stabilization problem of a class of unified chaotic systems with parameter uncertainty and nonlinear input based on the sliding mode variable structure control. A sufficient condition under which the sliding mode system is quadratically stable, a new control method, and the time during which the system states can reach the sliding manifold are given. The designed control law algorithms in this paper and in literature [22] are all able to ensure that the motion of the system can reach the switching surface and thus can make the closed-loop system asymptotically stable, but the control law in paper [22] cannot provide the arrival speed, cannot guarantee rapidity, and had a big conservative, but the control law in this paper can improve the rapidity of the system's trajectories to reach the sliding mode and effectively weaken the chattering of the sliding mode. Simulation results verify that the method is feasible, and the improvement of the dynamic property is prominent.
Problem Formulation
A class of unified chaotic systems is shown iṅ
where (1) is always chaotic when ∈ [0, 1]; when increases from 0 to 1, system (1) gradually transits from Lorenz system to Chen system. According to the definition in literature [24] , system (1) belongs to generalized Lorenz chaotic system when ∈ [0, 0.8), satisfying 12 21 > 0; system (1) belongs to generalized Chen chaotic system when ∈ (0.8, 1], satisfying 12 21 < 0; and when = 0.8, system (1) satisfying 12 21 = 0 plays an important role in connecting generalized Lorenz chaotic system to generalized Chen chaotic system. The systems offer the study of chaos control and synchronization of a new mathematical model and make chaos synchronization based on the unified models that have already gained practical application in secure communications; however, there are still many problems that should be further studied, for example, combining the synchronization methods of the unified chaotic system with the advanced control methods, improving the synchronization performance of a unified chaotic system, and studying nonlinear circuits communication based on unified chaotic system.
The controlled system is as follows:
where Δ is the system uncertainty, satisfying |Δ | ≤ ‖ ‖, a positive real number, and nonlinear control ( ) satisfies
for example,
The figure of the above nonlinear control is shown in Figure 1 . The aim of this paper is to design a controller which can make the closed-loop system stable; therefore, the stabilization problem of system (1) can be transformed into the asymptotic stability problem of system (2); that is,
Sliding Mode Design
Considering the uncertainties in system (2), a sliding mode control method is adopted in this paper to achieve lim →∞ ( ) = 0 through its strong robustness on the sliding surface. In order to prove the main results, some lemmas are given.
Lemma 1.
If is a stable and diagonal matrix; then there exists , satisfying
Proof. Diagonal matrix can be rewritten as follows:
where , = 1, 2, . . . , are the diagonal elements and also are eigenvalues of diagonal matrix ; let
then, according to the matric exponential function properties, we can get
thereby,
then,
Lemma 2. If is a stable and diagonal matrix and ( , ) satisfies
then the following system is asymptotically stable:
Proof. Solving (14), we can obtain
hence,
Let − be the maximum real part of the eigenvalues of matrix , and from Lemma 1, we can get
Based on the above lemmas, we shall propose the sliding mode design.
Theorem 3. If we choose the following switching function:
then, the sliding mode equation is asymptotically stable.
Proof. Choose a switching function as
where 1 , 3 are parameters to be determined. On switching surface ( ) = 0, from (19), we can get
The above equation can be rewritten as a vector form:
where Υ = (25 + 10), ⋀ = 1 ( 1 1 + 3 3 ). Choose 1 = −1 + , > 0, and 3 = 0; then (22) becomes
) − ( 0
Solving the first equality of (23), we obtain
hence, 1 ( ) is exponentially stable, and because
then 1 2 1 ( ) converges exponentially to zero; thus, from Lemma 2, we obtain
which completes the theorem.
Variable Structure Control Law Design
Theorem 3 discusses the stability of the system on the switching surface; we now resort to present the sliding controller that can make the movement starting from any point in state space reach the switching surface in limited time.
Theorem 4. If we choose the controller as
where
Γ ( , ) = − (1 − ) (25 + 10) ( 2 − 1 ) − 1 3
and parameters > 0, > 0, and ( ) are the switching surface as in (18) , then the movement starting from any point in the state space can reach the switching surface in limited time, and the time to reach the switching surface is
Proof. We shall first prove that the movement starting from any point in the state space can reach the switching surface in limited time.
It is easy to verify that (28) and (29) can be rewritten as
Because switching surface ( ) = 0 divides the state space into two parts ( ) > 0 and ( ) < 0, we should consider the following two scenarios:
(1) When ( ) > 0, from (27), we can get = + , and, then from (32), we can easily get = + ≤ 0, and, since
both sides of the above equation are divided by < 0, and we obtain 
where Φ = (28 − 35 ). 
from (36) and (37); we can obtain that the movement starting from any point in the state space can reach the switching surface in limited time.
In the sequel, solve the time to reach the switching surface.
For the time to reach the switching surface, through solving (36) and (37), we obtaiṅ
When ( ) > 0, the first equality in (38) iṡ
Letting ( ) be the solution of the following linear differential equation,̇(
We conclude by the comparison lemma [32] that
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Similarly, when ( ) < 0, we have
So, we get 
Let the time to reach the switching surface be , since, on switching surface surface ( ) = 0 and from the above equation, one has
Consequently, we have
This completes the proof.
Remark 5.
The designed control law algorithms in Theorem 4 and in literature [22] are all able to ensure that the motion of the system can reach the switching surface and hence can make the closed-loop system asymptotically stable, whereas the control law in Theorem 4 has the following advantages:
(1) The designed control law algorithm in literature [22] can only guarantee ( )( ) < 0 and cannot provide arrival speed and cannot guarantee rapidity, while the designed control law algorithm in Theorem 4 can guaranteė
and the time to reach switching surface is
hence, the system has good rapidity.
(2) The designed control law algorithm in literature [22] uses |Γ( , )|, while, in Theorem 4, Γ( , ) is employed, which results in small chattering, good stability, and less conservative.
An Improved Control Law
The designed control law algorithm in Theorem 4 only limits the minimum speed in which the movement starting from any point in state space reaches the switching surface:
but does not limit the maximum speed, which may result in too fast to reach the switching surface, as a result, the sliding mode control may cause severe chattering, for example, when > 0, and
≪ denoting "much less than," we have = + = 0, and from (27) and (32), one haṡ
Similarly, when < 0, and
we have = − = 0, and from (27) and (33), one haṡ
Equations (50) and (52) indicate that the controller designed by (27) - (30) may lead tȯ
that is to say, the movement starting from any point in the state space reaches the switching surface too fast, which may cause that the sliding mode produces severe chattering and the system dynamic quality is poor. In order to avoid these disadvantages, we shall make the following improvement for the control law in Theorem 4; choose
which is to say that we shall present the following improved controller theorem which can avoid the above disadvantages. 
Theorem 6. If we choose the controller as
From (3), we get ( ) ≤ 2 , substituting it into the switching surface equation; we obtaiṅ 
From the above equation, we get ( ) ≥ 1 , substituting it into the switching surface equation, and we obtaiṅ
(64) hence, we can obtain Theorem 6 from (58)-(64).
Comparison between the Control Law in Theorems 4 and 6.
From the proofs of Theorems 4 and 6, we can see that when
the speed of reaching the switching surface is obtained by the control laws in Theorem 4, and its expression iṡ 
and we can see that the speeds obtained by the two control laws are identical from the above two equations, but, when
by the control law in Theorem 4, we get
Substituting the above controller into the switching surface equation, we geṫ
while, by the control law in Theorem 6, we get 
and we can see that the improved control law can change the case that the movement starting from any point in the state space reaches the switching surface too fast from (70) and (72). We can improve the rapidity of the system's trajectories to reach the sliding mode, effectively weaken the chattering of sliding mode, and improve the system dynamic quality by choosing appropriate parameters > 0 and > 0.
Simulation Example
In this section, we shall give an example to demonstrate the effectiveness of the control law in Theorem 6 and meanwhile compare it with the control law in literature [22] . When = 1, the unified chaotic system (1) denotes Chen's chaotic system, that iṡ by using Simulink, and Chen's chaotic attractor is shown in Figure 2 , where we choose the initial values as ( 1 (0), 2 (0), 3 (0)) = (1.00, −1.00, −1.01).
The controlled system with disturbances iṡ
where external disturbance Δ = 0.5 cos(3 )‖ ‖, = ( 1 , 2 , 3 ) .
Obviously, parameter = 0.5. We choose nonlinear input as ( ( )) = [0.8 + 0.2 sin( ( ))] ( ); from (3), we can get parameters 1 = 0.6 and 2 = 1.0. Simulation results of nonlinear function ( ( )) are shown in Figure 1 . 
Simulation Example by Using This Paper Control Law.
According to Theorem 3 in this paper, we can choose the switching surface function as
where parameter = 2, and, according to (55) in Theorem 6 and (30) and (54), we can choose the control law as
where = 1, = 0.5, 1 = − 1 = 1 are chosen. [22] . According to (5) and (6) in literature [22] , we can choose the corresponding switching surface function as
Simulation Example by Using the Control Law in Paper
and, according to (11) in Theorem 1 in literature [22] , we can choose the control law as
Simulink results are shown in Figures 3-7 , where the red solid lines in all curves denote Simulink results obtained by the control law in this paper, the blue dashed lines in all curves denote Simulink results obtained by the control law in paper [22] , which is to say, 1 ( ), 2 ( ), 3 ( ), ( ), ( ) denote Simulink results obtained by the control law in this paper and 1 ( ), 2 ( ), 3 ( ), ( ), ( ) denote Simulink results obtained by the control law in paper [22] in all curves.
Figures 3-5 are the state curves with respect to time; we can see that the designed control law algorithm in this paper and in literature [22] are all able to control the state variable to the neighborhood of the equilibrium point, but the solid lines (the designed control law algorithm in this paper) are superior to the dashed lines (the control law in paper [22] ) in rapidity and stationarity. Figure 6 is the switching function curve with respect to time, and it can be seen that the control law in this paper can effectively weaken the chattering of the sliding mode, the chattering obtained by the designed control law algorithm in this paper is much less than the chattering obtained by the designed control law algorithm in paper [22] . Figure 7 is the control function curve with respect to time, as can be seen by comparing; the controller designed in this paper has many advantages, such as small chattering, good stability, and less conservative. 
Conclusions
The designed control law algorithm in this paper can realize the stabilization of the chaotic system with external disturbances and has good inhibition to the uncertainty. Compared with the existing literature, the control law algorithm in this paper can improve the quickness of reaching the sliding mode and also effectively weaken the chattering of the sliding mode; meanwhile the algorithm also can reduce the conservatism of the parameter design of the controller, and both the analysis of the motion equation and simulation results confirm the effectiveness of the conclusion.
